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Data are presented for wall temperatures and heat transfer coefficients for solid-vapor mixtures 
of parahydrogen and nitrogen flowing in on electrically heated straight tube of length 40 times 
its diameter. These are interpreted by the application of flat plate, constant property boundary- 
layer theory to models in which the solid particle geometrical distribution takes on simple 
limiting forms. The observed enhancement of the heat tronsfer coefficient over that for gas 
olone traveling at the some velocity is qualitatively predicted as a function of a dimensionless 
heat flux, the Sterman parameter qw/pvUh. 

The study described below was conducted in order to 
obtain information on the flow and heat transfer character- 
istics of single component, solid-vapor mixtures flowing 
through rocket engine propellant supply lines and propel- 
lant tank vent lines. The mixtures are formed when cryo- 
genic liquid fuels are introduced into lines open to space 
atmospheres and thus at  pressures below torr. This 
is well below the triple point pressures of most liquid fuels. 
Triple point pressures of some common liquids are listed in 
Table 1. Such circumstances are most commonly encoun- 
tered during the idle period or restart of an engine and dur- 
ing the accidental venting of liquid from a supply tank and 
can lead to lines plugged with solid. 

In order to obtain basic information on this phenomenon, 
liquids were expanded through orifices at the entrance of 
a simple straight tube and then discharged into a chamber 
under vacuum. Fine suspensions of solids in their own 
vapor were formed and, under certain heating conditions 
of the tube, were seen through windows in the vacuum 
chamber to discharge freely from the tube in a fairly 
homogeneous column. Under conditions of insufficient heat 
input, discharge became unsteady and even ceased with 
the tube temporarily blocked with solid. 

TABLE 1. SUMMARY OF TRIPLE POINT TEMPERATURES 
AND ~RESSURES 

Triple Point Triple Point 
Temperatures Pressure 

( O K .  1 (torr) 

parahydrogen 
nitrogen 
Buorine 
oxygen 
water 
carbon dioxide 

13.8 52.8 
63.2 94.1 
53.5 1.92 
54.4 1.14 

273.16 4.58 
216.6 3885.2 

The goals of this study were to establish heating condi- 
tions which would permit free discharge of the solid-vapor 
mixtures and to measure heat transfer coefficients for heat 
input through the tube wall. The latter are, in fact, unique 
two-phase, forced convection heat transfer results, but are 
quite related to more familiar studies of inert solid-in-gas 
suspensions ( 1  to 5 ) .  

Previous studies of flow and heat transfer to gas-inert 
solids mixtures were motivated by the desire to improve 
the heat transfer coefficient of a gas stream. Experimental 
data of various workers including the authors themselves 
were compared by Farbar and Depew ( 1 )  for various 
solids (glass spheres, catalysts, etc.) suspended in air 
streams. In summary, their work showed that the pure gas 
heat transfer coefficient could be enhanced, enhancement 
increasing with the proportion of solids present and de- 
creasing with increase of particle size. Particles greater 
than 200, did not appear to affect the heat transfer while 
3 0 ~  particles gave up to a fourfold enhancement for solids 
to gas mass flow ratios up to 10. For the smaller particles, 
however, at mass flow ratios less than 4 a decrease in heat 
transfer coefficient below the pure gas value was noted. 
Similar observations were reported by Tien and Quan ( 2 ) .  
They worked at mass flow ratios less than 3.5 with 30 and 
200, particles in both glass and lead. Only for the 30p 
glass particles was significant enhancement noted; signifi- 
cantly, glass has a volumetric heat capacity about 30 % 
higher than that of lead. 

Abel, et al. ( 3 )  conducted experiments with micronized 
graphite (particles in the size range 1 < D, < 10,) sus- 
pended in helium and nitrogen gas at mass flow ratios up 
to about 3. Only marginal enhancement of heat transfer 
was obtained, but the meaning of the results is obscured 
by the occurrence of deposition of graphite on walls of 
the test section. 

Theoretical expressions for heat transfer coefficients for 
gas-inert solid flow have been derived. In a simplified treat- 
ment of heat transfer in fully developed turbulent flow, 
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Fig. 1. Test section, showing heaters and locations of thermocouples. 

with uniform distribution of very small particles and an 
unperturbed velocity profile, Tien ( 4 )  showed that the 
enhancement was proportional to the factor 

In a laminar boundary-layer analysis Edelman ( 5 )  de- 
rived the enhancement factor 

Again, uniform particle distribution was assumed. 
From this work the prognosticated major effect of the 

presence of inert particles is that they act as heat sinks 
for the vapor and, insofar as they do not constitute a hydro- 
dynamic disturbance, they prolong the entrance region and 
consequently enhance heat transfer. 

For subliming solid-vapor mixtures, only the previous 
work of Jones, et al. (6) is available. Preliminary studies 
were made of heat transfer to solid-vapor mixtures of 
parahydrogen below its triple point pressure flowing 
through a short (length = 13 diam.) uniformly heated 
tube. Enhancement was again observed and a dependence 
upon heat %ux noted. A correlation was suggested in which 
a dimensionless heat flux, the Sterman parameter, was 
used. This will be discussed more fully. In that work only 
hydrogen data were reported since it was found impossible 
to obtain free flow of solid-vapor mixtures of nitrogen in 
the same apparatus. 

In the present study a tube of 40 diam. length was used 
and was investigated for both parahydrogen and nitrogen. 
Free flow was achieved by concentrating heat in the vicin- 
ity of the entrance orifice. The mixtures studied are char- 
acterized by a particle size range between 10 and 5 0 0 ~  
with an estimated most probable size of about 30p. The 
quality of the mixtures at the tube inlet was calculated to 
lie between 25 and 30% mass of vapor for assumed isen- 
thalpic expansion through the orifice. 

EXPERIMENTAL APPARATUS AND PROCEDURE 

The solid-vapor mixtures were investigated in a modification 
of an apparatus previously described by Jones, et al. (6).  
Briefly, the mixtures were formed by forcing subcooled liquids 
downwards through an orifice at the inlet end of a straight, 
vertical, heated tube situated in a large vacuum chamber, 
which was held at pressures below the triple point of the 
liquid. The major modifications were: 

1. The use of a continuous flow rather than batch operation. 
2. Automatic control of the vacuum chamber pressure. 
3. The use of a vacuum jacket to insulate the test section. 
4. Redesign of the now larger test section with more com- 

plete instrumentation. 

Details of the test section, instrumentation and procedure 
follow. 

Test Section 

The details of the test section are shown in Figure 1. It was 
a vacuum insulated Inconel tube of 1.37 cm. internal diam- 
eter (9/16 in. O.D., 0.012 in. wall) having a length to diam- 
eter ratio of approximately 41) between the inlet orifice and 
the end of the tube. 

Ten calibrated chromel-constantan thermocouples, located as 
indicated in Figure 1 were used to measure wall temperatures; 
three heaters on the test section were used as follows: 

1. Main test-section heater (wound uniformly and noninduc- 
tively) along the length of the tube to supply heat to the 
solid-vapor mixtnre flowing in the test section. 

2. Auxiliary heater at the lower end of the test section to 
prevent heat loss from the bottom of the warm tube wall 
to the cold vacuum insulating jacket. An eleventh difference 
thermocouple located between the tube wall and the insulat- 
ing jacket flange provided an error signal for a temperature 
controller which supplied power to this heater and continu- 
ously compensated for the heat loss. 

3. Heater adjacent to discharge orifice to prevent caking of 
solid on the tube wall adjacent to the orifice. 

Pressure taps P1 and P2 located at the top and bottom of 
the test section were used for measuring static pressure drop 
along the tube during free flow of the solid-vapor mixture. 

Instrumentation 
A data acquisition system consisting of a digital voltmeter, 

amplifier, scanner, and printer was used for measuring and 

Fig. 2. Discharge of solid-vapor mixture of hydrogen, (qw = 0.29 
W/sq. cm., Nsr = 0.0015). 
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recording all voltages and currents. These included heater 
voltages and currents, thermocouple electromotive forces and 
the voltage drop and current through a germanium resistance 
thermometer located inside a small liquid reservoir above the 
orifice. This reservoir also contained ahe thermocouple ref- 
erence junctions. 

Flow rates were measured by means of a calibrated flow 
orifice, the pressure drop being read on a water manometer. 
The flow orifice was submerged in a precooler to assure single- 
phase liquid flow. 

Vacuum chamber pressure was measured by an absolute 
pressure mercury manometer, and a specially designed mer- 
cury U-tube manometer capable of indicating small pressure 
drops was used to measure the pressure drop along the test 
section. 

Photographs of the emerging solid-vapor stream were taken 
using a commercial microflash unit, which had a flash duration 
of 0.3 x 10-6 sec. and a specially constructed camera con- 
sisting of a lens, a 1 m. expansion bellows and film holder. 
Because it was impractical to locate the camera close to the 
discharging stream inside the vacuum chamber, the special 
camera arrangement was necessary to obtain sufficient resolu- 
tion of the solid particles. 

Procedure 
In order to carry out heat transfer measurements the vacuum 

chamber was first evacuated to below the triple point pres- 
sure of the test fluid and set on automatic control. Liquid was 
then admitted to the flow system achieving cooldown in 
about 15 min. At the first sight of solid emerging from the 
end of the test sectibn power was applied to heaters L and N. 
Finally, when steady conditions were achieved power was ap- 
plied to heater M, which was placed under automatic control 
when zero temperature difference was indicated between the 
end of the test section and the vacuum jacket flange. 

For all runs with a single fluid the power input to heater N 
was held constant at a level at which caking of solid did not 
occur and a steady, continuous, homogeneous, solid-vapor 
mixture emerged from the end of the tube. Power to heater 
L was varied at will to obtain the variation of wall temper- 
atures with heat flux. After a power adjustment on L usually 
five or ten minutes were required in order to obtain steady 
wall temperatures. At this time the data recording system was 
set in operation and all voltages recorded in sequence for five 
cycles of the scanner at a rate of about one reading per sec- 
ond. Computations were based on the average of the five sets 
of readings. 

Flow rates were adjusted by either varying the supply de- 
war driving pressure or by changing the orifice size. 

RESULTS 

Typical photographs of the solid-vapor mixture dis- 
charging from the end of the test section are shown in 
Figures 2 and 3 for hydrogen. The absence of visible solid 

Fig. 3. Discharge of solid-vapor mixture of hydrogen, (q,  = 0.93 
W/sq. cm., Nsr = 0.0035). 
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Fig. 4. Experimental temperature difference profiles for hydrogen with 
qw as parameter-low flow rate. 

particles in the vicinity of the wall is clearly evident in 
Figure 3 where the heat flux was three times that for Fig- 
ure 2. Photographs also indicated that a wide distribution 
of particle sizes existed in the solid-vapor stream ranging 
from 10 to approximately 500p. The limits on particle size 
are wide since it was not possible in all cases to determine 
whether some of the particles being measured were indi- 
vidual or optically superimposed particles. Particles less 
than l o p  could not be seen clearly with the photographic 
resolution available. 

Selected temperature difference (T, - T,)  profiles are 
given in Figures 4 and 5 for hydrogen and Figures 6 and 7 
for nitrogen. The inside wall temperature, T,, was calcu- 
lated by correcting measured outside wall temperatures 
for temperature drop through the tube wall. The bulk fluid 
temperature a t  a given station was taken as the saturation 
temperature, T,, corresponding to the pressure in the tube 
a t  that point, there being no means to actually measure it. 
Pressures at points between P I  and Pz were interpolated 
using compressible flow equations. 

The heat flux to the fluid was calculated from the mea- 
sured electrical power input, taking into account axial 
conduction along the tube (based on measured wall tem- 
peratures) and radiation losses. 

The heat flux uncertainties were 2 M % ; the uncertain- 
ties in the temperature difference were less than * 5 %  for 
approximately 90% of the runs, the worst uncertainties 
being * 25 to 2 150% a t  low heat fluxes (< 0.02 W/ 
sq.cm.) for hydrogen data points. The uncertainties in 
temperature difference were almost entirely due to a ten- 
dency of the wall temperatures to drift randomly during a 
run. The arithmetic average of all the measured values ( 5  
readings per datum point taken over a 21h min. interval) 
were used in the reported results. 

In the discussion below it has been convenient to illus- 
trate the results by a plot of the enhancement factor, f, 
vs. S teman parameter, Ns,. The estimated uncertainties in 
these quantities are -C 10% and * 1% respectively for 
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most of the runs, the worst values for f being -C 30 to 3. 
155% at Nsr <, 0.0003 due to large uncertainties in ( Tw - 
T,) at low heat fluxes. 

HEAT TRANSFER THEORY 

A complete theoretical description of heat transfer coeffi- 
cient for the subliming, solid-vapor mixtures investigated 
in this work would treat momentum and energy transport 
for the two phases, particle and vapor, in the presence 
of free stream turbulence, particle transport, vaporization, 
compressibility effects, and temperature dependent trans- 
port properties. Such a general treatment is not yet avail- 
able and the interpretation of the experimental results 
must proceed from simplified analyses. Such analyses at this 
stage of knowledge have the advantage of separating out 
dominant effects and permitting some insight into the total 
process. 

For the present treatment it was decided to use a bound- 
ary-layer technique for laminar, incompressible, constant 
property flow over a flat plate with constant heat flux and 
investigate perturbations of the well known single phase 
results by the presence of vaporizing solid particles. I t  was 
considered that, being an entrance region with free stream 
turbulence enhanced by that from the orifice, the flat plate 
laminar boundary-layer assumptions would be particularly 
appropriate up to the point of boundary-layer transition. 

A single size particle was chosen representing an aver- 
age particle. For the geometrical distribution of particles 
two extreme cases were considered. In the first, a uniform 
density of particles was assumed throughout. In the sec- 
ond, it was assumed that particles exist only outside the 
thermal boundary layer. For the velocit distribution of 

relative velocity exists between the phases, as would be 
the case of sufficiently small particles. 

The von KBrm6n approximate integral method (7) was 
used to derive approximate expressions for the heat trans- 

the particles it was decided to treat only t l e case where no 
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Fig. 5. Experimental temperature difference profiles for hydrogen with 
qw as parameter-high flow rate. 

fer coefficient. Treating the particle phase as a continuum, 
Simpson (8) derived the basic continuity, momentum, and 
energy equations for the two phases separately and the 
mixture. In these equations the average solid phase density 
is described by a function p ,  while the specific density of 

the solid is a constant, p p .  The major difference between 
the conservation equations for a vapor in the presence of 
the particle phase and a pure vapor or gas is that the 
former contains an energy sink and a mass source. The 
mass source, the rate of vaporization per unit volume and 
time, denoted by G is given by 

- 

DP PP 

where it is assumed that the particles, represented by an 
average spherical diameter D, and a shape factor S, 
vaporize at a rate proportional to the local mean driving 
temperature ( T  - T,) and the heat transfer coefficient & 
is based on the surface area of a particle, nDP2S. The en- 
ergy sink is simply G[A + C, ( T  - T, )  ]. 

By making the usual boundary-layer approximations and 
integrating the resulting equations across the boundary 
layer, or by making mass, momentum, and energy balances 
across an element of volume extending into the free stream 
the following integral equations may be written for the 
conservation of momentum and energy at a point x along 
the flat plate. 
mixture momentum: 

vapor energy: 

(3) 

m Discharge Pressure = 8 mm M 
D Discharge Presswe = 13 mm Hg 
0 Discharge Prersure=PO mm Hg 

A Discharge I 

Y 

.rure=28 mm Hg 
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Fig. 6. Experimental temperature difference profiles for nitrogen 
with qtu as parameter-low flow rate. 
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Fig. 7. Experimental temperature difference profiles for nitrogen with 
qw as parameter-high flow rate. 

These are the basic equations which were applied to the 
two extreme cases of particle geometrical distribution. 

Case 1. Uniform Particle Phase Density ( p p  = const.) 

Fourth-order polynomials were used for both tempera- 
ture and velocity profiles. By satisfying the required bound- 
ary conditions the constants may be determined and when 
substituted into Equation (2)  and ( 3 )  give, after integra- 
tion, the momentum and thermal boundary-layer thick- 
nesses of Equations (4)  and (5) 

(4) 
1/2 

d 17 , - - [ pv cp u r at { A ( $ + 9o c )  - d x  

- A 3 ( - - - c )  3 3  + A d (  --- 1 
140 1260 180 27,216 

+ G, A 6t (2-L) ( 5 )  10 60 

where A = &/S, and c is the coefficient of the second- 
order term of the temperature profile. r is defined as T ,  - 
T,. It can be readily shown that 

where 
.. 

DP2 ap 
8 2  = -- 

A* = (X + rC,) 

3 N N u , p S  i* Pp 
and 

c = 0 corresponds to the usual single phase solution. If c 
is made a small perturbation neglect of all but terms of 
first order of smallness results in an explicit expression 

* /", 

STERMAN PARAMETER, Ns, 

Fig. 8. Enhancement factor based on Sieder-Tate equation for hy- 
drogen with x/D as parameter. 

for thermal boundary-layer thickness. The result is most 
conveniently expressed as an enhancement factor, f, de- 
fined as the ratio of the heat transfer coefficient to that 
of the unperturbed single phase, the gas phase, traveling 
at the same free stream velocity. 

f = ( 1  + pp/pv)116 [ l/{l- c)l13 + - 6 ( S t 1 / 8 ) 2 ]  ( 6 )  
1 

where 

1 1 X  

5 X* 
e = ( 6 t ' / 8 ) 2  [ - -- 0.186 Npr113 ( 1  + &/b) -'I3 

and 

A second simple asymptotic solution may be made for 
this model by taking c >> 1. In this case previously con- 
sidered by Simpson (a), we may neglect usual convective 
effect of raising the gas temperature. Instead all heat is 
assumed to go toward vaporizing solid particles. Equation 
( 3 )  becomes qw=r G X d y  

which results quite straightforwardly from (5) in 

where 

Case 2. Vapor Film (pp = 0, y < 6t;  p p  = const., y A a t )  

In order to make this case tractable it was assumed from 
the outset that the velocity profile is the same as in case 1 
and the momentum boundary-layer thickness is still given 
by Equation (4) .  

Since now, however, all vaporization is concentrated at 
the edge of the thermal boundary layer, the second integral 
in Equation ( 3 )  is zero and in its place appears q,, the 
heat flux at the edge of the thermal boundary layer. Thus 

where 6, is the new thermal boundary-layer thickness or 
vapor film thickness. 

The following temperature profile is now introduced: 

e 
-= 1-22r,+2r13-2r,4+r2/r1 ( i - ~ ) ,  ~ = y / 8 ,  
rl 

(9) 
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where e =  T - T T ,  

rl = (qw - qv) W 2 k  

r2 = q V W k  

This profile reduces to the usual single phase case when 
qv = 0. It also satisfies all important boundary conditions 
although qv remains as yet an undetermined function of x :  

a2e - = o  - k  ae 
qw, &2 

At 7 =0, 8=rl +rz, - -= 
6" an 

Velocity and temperature profiles may again be substituted 
into Equation (8). After integration this yields 
q w  - 4. 

--- 3A3 +") 
k dx 15 140 180 

- 

+qvSv2' (P-3+4)] ( 1 1 )  
3 10 30 

Neglecting all but the terms in A an approximate solu- 
tion may again be obtained for 6t in the case of q, /q ,  << 
1, that is, a perturbation on the single phase case of qv = 
0. Under these conditions integration of ( 1 1 )  results in 

f = c1 + q v / q w l - '  C(1-  2 q v / q w ) / ( l  + 4qv/q,)1-"3 
(12 )  

In this approximation, 

q v / q w  = N s r - l ~ ( 6 t O / 2 ~ )  (ap/pv) 

where T = (2Ao - 2h03 + Ao4) and Ao is the single phase 
ratio of thermal to momentum boundary-layer thickness 

A" = 0.761 N p r - 1 / 3  

We have also introduced a dimensionless heat flux Nsn the 
Sterman parameter, defined as 

The resulting enhancement factors, Equations (6) ,  ( 7 ) ,  
and ( 1 2 ) ,  for the cases considered have been derived for 
a distance x from the commencement of the boundary 
layer for flow over a flat plate. The equations will also 
apply for some distance in the entrance region of a straight 
tube. For this case the more familiar Reynolds number 
form may be used for 6t0 by introducing the tube diameter, 
D, thus, 

&O/X = 4.44 N p r - l j 3  ( x / D )  -'I2 ( N R ~ ,  v )  -'/' ( 1 3 )  

DISCUSSION 

In this discussion an attempt will be made to interpret 

k / k *  

Fig. 9. Comparison of theoretical and experimental enhancement fac- 
tors for x/D = 39-hydrogen and nitrogen. 

1 1  
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Fig. 10. Comparison of experimental enhancement factors for varia- 
tion of x/D-hydrogen. 

the broad features of the experimental results with refer- 
ence to the theory presented. In the region close to the 
discharge orifice the fluid mechanical situation of the 
stream impinging on the tube wall with a nonequilibrium 
condition existing between the phases does not lend itself 
to analysis. The rather complex behavior noted above in 
Figures 4, 5, 6 ,  and 7 in which the two fluids appear to 
behave differently is evidence of this. However, it is sup- 
posed that adjacent to the wall a laminar boundary layer 
does begin to develop in some manner in the region of the 
orifice. I t  is further expected that the development of the 
boundary layer becomes less dependent on this orifice con- 
dition the farther one proceeds down the tube, so that the 
wall temperatures or heat transfer coefficients here should 
be amenable to analysis. 

The temperature difference profiles of Figures 4, 5, 6, 
and 7 show typical single-phase behavior away from the 
orifice except for erratic behavior near the end of the tube. 
(This amounts to a small percentage since here the tem- 
perature differences are high.) Theory predicts, however, 
that the heat transfer coefficient should be enhanced by 
the presence of vaporizing solid. Unfortunately, it was not 
possible in these experiments to measure heat transfer co- 
efficients for the single phase, pure gas case under compar- 
able conditions and therefore calculation is the only re- 
course. 

It was suggested in a previous paper (6) by a dimen- 
sional analysis that, for a given value of x/D,  a correlation 
should exist between the enhancement factor, f = h/ho, 
and the Sterman parameter Nsr. While the present theory 
qualifies this somewhat, the plot is still convenient in that 
one can say something about the trend to be expected, 
namely: at large values of Nsr, f should decrease to an 
asymptotic value of 1.0 for all values of x /D.  This is the 
prediction according to Equation ( 1 2 )  and, in words, 
means simply that for high heat flux the tube wall becomes 
blanketed by a thick layer of gas which, in the limit, 
becomes pure gas flow as all the solid is vaporized. 

If fully developed turbulent flow existed toward the 
end of the tube the Sieder-Tate correlation 

hS-T = 0.026 ( k / D )  N R , ~ . ~ N ~ ~ ~ . ~ ~  (pS/*)  0.14 ( 14) 
could be used to calculate the heat transfer coefficient, ho, 
for the pure gas traveling at the same velocity as the 
mixture. The enhancement factor so calculated is shown 
in Figure 8 plotted against Nsr for x / D  = 39. Also shown 
are the data from a previous paper ( 6 )  for x / D  = 13. 
Apparently the Sieder-Tate correlation overpredicts the 
equivalent pure gas heat transfer coefficient since the 
enhancement factor for x / D  = 39 approaches a value of 
0.5 to 0.6. The data for x / D  = 13 approach 1.0 as was 
noted elsewhere ( 6 ) ,  but it now seems likely that part of 
the enhancement here when compared to fully developed 
turbulent flow is due to this station's being higher in the 
entrance region. 
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In the theory presented in this paper it is suggested that 
laminar boundary-layer theory could be used to describe 
the developing wall temperatures. In Figure 9 the en- 
hancement factor presented was calculated for x / D  = 39 
using for ho the value obtained from Equation (14) for 
pure vapor traveling at the same free stream velocity as 
the mixture. Transport properties were calculated at T = 
(T, + T , ) / 2 .  The enhancement factor calculated in this 
way is now compatible with the stated requirement at 
large values of Nsr  for x/D = 39. For all other values of 
x/D, f is greater than 1.0 also and shows the correct trend 
of decreasing as NsT increases. I t  is noted also in this figure 
that the data for hydrogen and nitrogen correlate well. 

According to Schlichting (7) the transition of a laminar 
to a turbulent boundary layer takes place over a flat plate 
at a Reynolds number based on length of the order of 
3 x 105. In the present experiments this value is often 
exceeded toward the end of the tube and, indeed, some 
of the erratic behavior of the temperature difference pro- 
files, particularly at  high heat fluxes, could be explained 
by this; the possibility should not be excluded that at low 
heat flux the unvaporized particles in the boundary layer 
damp out turbulent fluctuations and therefore stabilize the 
flow. In either case it is clear from Figures 8 and 9 that 
fully developed turbulence was not attained in these ex- 
periments, and the laminar boundary-layer calculation of 
ho is at least a reasonable upper limit. 

I t  now appears that, except at high values of Nsn heat 
transfer is enhanced by the presence of subliming particles; 
indeed, according to Figure 9, up to a tenfold enhance- 
ment was realized. 

Theoretical values of f are also shown on Figure 9. At 
high values of Ns,., f was calculated for x/D = 39 and the 
range of N R ~  encountered experimentally using Equation 
(12) for the vapor film model. Unfortunately, the range 
of validity of the calculation does not encompass the ex- 
perimental data, but it appears that this model could 
represent the correct asymptotic behavior for large values 
of Nsr.  In any case the trend of f with Ns,. is given a qual- 
itative description. The uniform particle density model was 
applied using the extreme values of particle sizes observed. 
For the 500p particles the perturbation calculation of 
Equation (6) is valid, and the result is the lower shaded 
area at the left of the figure. For lop particles the pertur- 
bation term, c, is too large for Equation (6) to be valid. 
However, this case may be handled by the asymptotic 
solution, Equation (7 ) .  This is represented by the upper 
shaded area at the left of the figure. These two results 
have been plotted at low Nsr because this is precisely 
where uniform density is expected, that is, low heat flux 
and, consequently, no vapor film. 

The result obtained for the enhancement factor from 
the asymptotic solution is in good agreement with ex- 
periment at low values of Ns,.. Since it is also at low Ns,. 
that temperature profiles are flat as required by the model 
it is felt that the asymptotic solution adequately describes 
the low heat flux process. The perturbation solution is 
either inapplicable (small particles) or predicts too low 
an enhancement (large particles). I t  is evident that parti- 
cle size data are crucial if the enhancement factor is to 
be accurately predicted, but it is felt that these results 
using a wide range of particle size are at least encouraging. 

The preceding discussion leads to the following inter- 
pretation of the observed trend of f with Ns,.. At low heat 
flux and hence low Ns,. the distribution of particles is un- 
perturbed by vaporization and is therefore independent 
of Nsr  as predicted by the uniform density model. In- 
creasing Ns,. vaporizes particles from the region adjacent 
to the wall formin some sort of film as particle concen- 
tration is deplete2 Although the discontinuous concen- 

tration profile used in the vapor film model is not realistic, 
it is felt nevertheless that the same interpretation can be 
given to the role of Ns,. as is indicated theoretically, 
namely, Ns,. is an index of the departure of particle con- 
centration profile from uniform. A striking confirmation of 
this interpretation is obtained from the photographs, Fig- 
ures 2 and 3 of the solid vapor stream emerging from the 
end of the heated tube. In Figure 3, Nsr  is 2.3 times the 
value in Figure 2; all other conditions are comparable. 

A further point of interest is the dependence of the en- 
hancement factor on position along the tube. This is il- 
lustrated in Figure 10 for hydrogen data at x / D  = 8, 19, 
30, and 39. Also presented for comparison are the data 
for x / D  = 13 from (6).  The two sources of data seem to 
be reasonably compatible. 
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NOTATION 

c 

Cp 
D 
Dp 
f = enhancement factor 
F 
G 
h 
kp 
k 
NNu = Nusselt number, hD/k 
N N u ,  = particle Nusselt number, &Dp/k 
N p r  = Prandtl number, p C p / k  
N R e  = Reynolds number, (pp + pv) U D / p  
N R ~ ,  , = Reynolds number, pvUD/p 
Ns,. = Sterman parameter qw/pvUX 
q, 
q, 
S 
T 
T, 
T, 
u 
U 

x 
y 

Greek Letters 
r 
rl 
rz = q,6,/k, O K .  

6, = momentum boundary layer thickness, cm. 
6t = thermal boundary layer thickness, cm. 
6, = vapor film thickness, cm. 

E = erturbation constant 
7 = %mensionless coordinate (y&) 
B 
X 
p = vapor viscosity, g./sec.cm. 
8 = dimensionless coordinate (y/&) 

= coefficient of 72 in dimensionless temperature pro- 

= constant pressure specific heat vapor, J/g°K. 
= inside tube diameter, cm. 
= average spherical particle diameter, cm. 

= force on particle, dynes 
= rate of vaporization per unit volume, g./cc.sec. 
= local heat transfer coefficient, W/sq.cm."K. 
= particle heat transfer coefficient, W/sq.cm."K. 
= vapor thermal conductivity, W/cm."K. 

file 

= heat flux at vapor film boundary, W/sq.cm. 
= heat flux through tube wall, W/sq.cm. 
= shape factor (surface area of particle/rDp2) 
= local mean temperature of vapor, O K .  

= local inside wall temperature, O K .  

= local saturation temperature, O K .  

= axial velocity component, cm./sec. 
= free stream velocity for flat plate analysis, cm./sec. 
= radial velocity component, cm./sec. 
= axial distance along flat plate, cm. 
= perpendicular distance from wall, cm. 

= temperature difference T,  - T,, OK. 
= (qw - q,) 6,/2k, O K .  

A = &/6m or 6J6m 

= temperature difference T - T,, OK. 
= latent heat of sublimation, J/g. 

Page 896 AlChE Journal November, 1969 



T 

pp 
p 
pt 
pu 

2 

Subscripts 

m =momentum 
p = particle 
s = saturation conditions 
t = thermal 
u 
w = wall conditions 

= dimensionless function of Prandtl number 

= average solid particle phase density, g./cc. 
= specific density of solid, g./cc. 
= total density (pp  + p u ) ,  g./cc. 
= density of vapor, g./cc. 

= [ (Dp2/3N~u,p - S) (X/X”) (~~ /h ) ] l ’~ ,  cm. 

- 

- 

= vapor or vapor film 

Superscripts 

0 = unperturbed pure vapor phase 

1 = two-phase without vaporization 
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Simultaneous Flow and Temperature 
Correction in the Equilibrium Stage Problem 

JOHN W. TIERNEY and JOHN L. YANOSIK 
University of Pittsburgh, Pittsburgh, Pennsylvonia 

Iterative methods for the solution of the steady state equilibrium stage problem are studied. 
Equations are first developed for calculating the effect of a change in temperature or flow 
rote on all energy balances, and then it is shown that these equations can be used in the 
multiple variable form of the Newton-Raphson correction process to correct either the tempera- 
tures or the flow rates when only energy balance errors are used. Similar equations for material 
balance errors which have been developed previously are then combined with the energy bal- 
ance equations to provide a method for simultaneous correction of the temperatures and the 
flow rates. Because first-order interactions between flow rates and temperatures are included 
the method is applicable to a wide range of equilibrium stage problems. Sample problems are 
presented, and it is shown that quadratic convergence is obtained for the simultaneous cor- 
rection process. 

The solution of the equilibrium stage roblem is of both 

Over the years many methods have been proposed, such 
as analytic solutions, graphical solutions, and numerical 
approximations. In the last few years there has been an 
emphasis on numerical methods because of the availability 
of large computing machines. In a previous paper (I) it 
was pointed out that the computer solution is usually 
stated as that of finding a set of temperatures and flow 
rates which will satisfy all material and energy balances. 
For a system with n stages, there are n temperatures and 
n flow rates to be fixed, and there are n material balances 
and n energy balances to be satisfied. Direct solution is 
not possible, and iterative methods are used. At each step 
of the iterative process the material balance and energy 

historical and practical importance to c 1 emical engineers. 
balance errors are reduced by correcting the temperatures 
and flow rates. A linear correction process can be defined 
as: 

where (Ct, C,) is a vector containing the corrections to 
be made in the temperatures and flow rates, and (Dm, De) 
is a vector containing the material balance errors and en- 
ergy balance errors. .Y. is the correction matrix. There 
are many ways in which .Y. can be defined, but in this 
paper it will be the Jacobian matrix of the errors. I t  can 
be shown that the Jacobian matrix will give quadratic con- 
vergence in the vicinity of the solution, and this is the 
most rapid convergence possible with a linear correction 
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